THE CONCEPTS OF DEPTH OF A PAIR OF IDEALS (I, J) ON MODULES AND 
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Abstract. We introduce a generalization of the notion of depth of an ideal on a module by applying 
the concept of local cohomology modules with respect to a pair of ideals. Some vanishing theorems are 
given for this invariant. Vanishing of these kind of local cohomology modules are related to the vanishing 
of local cohomology modules with respect to an ideal. We show that local cohomology with respect to 
an arbitrary pair of ideals (/, J) are concerned with the local cohomology with respect to a pair of ideals 
whose the first ideal is generated by any fc-regular sequence in /. We also introduce the concept of 
(I, J)-Cohen-Macaulay modules as a generalization of the concept of Cohen-Macaulay modules. These 
kind of modules are different from Cohen-Macaulay modules, as an example shows. Also an artinian 
result for such modules is given. 



1. Introduction 

Let R be a commutative noetherian ring, I , J be two ideals of R, and M be an i?-module. Many- 
generalizations of the notion of depth of an ideal on a module have been introduced for various purposes, 
such as depth, /-depth, g depth, and fc-depth (fc > — 1) of an ideal introduced in [IS], [3], (T2], and [T4"] . 
respectively. 

In this paper, we introduce a new depth related to a pair of ideals on a module which is concerned with 
the local cohomology modules with respect to that pair of ideals introduced by Takahashi, Yoshino, and 
Yoshizawa |17j . For this purpose, in section 2, we first prove a main Theorem l2.6l on the vanishing of both 
local cohomology with respect to a pair of ideals and the ordinary one. This theorem plays a main role 
to obtain the other results in this paper. For instance, for a non- negative integer t, vanishing of IT} j{M) 
for all z < t is equivalent to the vanishing of H* (M) for any a € W(I, J) and all i < t (see Corollary 
I2.7[) . In Corollary 12. 11[ we obtain a general result on an arbitrary Serre class S. Applying this result for 
S = 0, we obtain a necessary and sufficient condition for the vanishing and finiteness of Hj j{M) (see 
Corollary [2~T2l . 

By using the concept of fc-regular sequence [B] , we show that local cohomology with respect to an arbitrary 
pair of ideals is concerned with the local cohomology with respect to a pair of ideals whose one of the 
ideals is generated by any fc-regular sequence. This generalizes [131 Lemma 3.4] to a noetherian ring 
which is not necessary local (see Theorem 12. 13|) . 

In section 3, we introduce the concept of depth of a pair of ideals (I, J) on an i?-module M, denoted by 
depth(J, J, M). This invariant equals to 



inf {i e No | H^ 7 (M) ^ 0} 
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(see Proposition I3.3[) . We prove some formulas and inequalities for this invariant and examine how it 
behaves under various ideal theoretic operations and short exact sequences (see Corollary 13.41 -Theorem 
I3.6[) . Also, we show that this is less than or equal to the ordinary depth of an ideal (see Corollary 13. 4p . 
The non-equality is shown in Example 14.31 For a finite i?-module M and any o £ W(I, J) with aM =^ M, 
we present some conditions under which depth(a, M) equals to depth(J, J, M) (see Theorem 13. 7p . It is 
well-known that 

depth(7, M) = inf {i £ N | H)(M) ^ 0}. 

We show that if t = depth(7, J, M) and Hj(M) ^ 0, then t = depth(J, M) (see Theorem |3T9|) . 
In section 4, by applying the concept of depth of a pair of ideals, we introduce the concept of {I, J)-Cohen- 
Macaulay modules over noetherian rings, as a generalization of Cohen-Macaulay modules over local rings, 
for / = m and J = 0. These two concepts are not the same, as it is shown in Propositions 14.81 and 14.91 
and Example l4.11l (iii). Indeed, for a local integral domain R, and a faithful finite i?-module M, which is 
(I, J)-Cohen-Macaulay module (with J ^ 0), if t = depth(7, J, M) and Hom fl (R/m, Hjj(M))) ^ 0, then 
M is not Cohen-Macaulay. In Example 14.41 we show that the Grothendieck's non- vanishing Theorem 
does not hold for local cohomology modules with respect to a pair of ideals and in Examples 14.111 we 
show that if the condition HoniR (R/m, j(M))) ^ does not hold in Proposition 14.81 the assertions 
do not necessarily hold. Finally, an artinian result for M/JM is proved in Proposition 14. 141 for a finite 
(J, J)-torsion i?-module M which is (J, J)-Cohen-Macaulay module. 

2. Vanishing of H} j(M) 

In the next proposition, Mod(i?) is denoted the category of i?-modules and i?-homomorphisms, and S 
is denoted a Serre subcategory of Mod(i?). 

Proposition 2.1. Let a £ W(I, J). Let G : Mod(i?) — > Mod(i?) be a left exact covariant functor such 
that (0 :x d) = (0 -g(x) a ) f or an U R-module X and G(E) be an injective R-module for any injective 
R-module E . For a non-negative integer t, consider the natural homomorphism 

ip : Ext^ (R/a, M) — > Honifl (R/a, G t (M)). 

(i) //Ext^ 3 (R/a, G j (M)) e S for all j < t, then Ker 

(ii) //Ext^ 1 ^ (R/a, G j (M)) £ S for all j < t, then Coker iteS. 

(iii) //Ext^ - -' (R/a, G-'(M)) e S for n = t, t + 1 and all j < t, then Ker tp and Coker -0 both belong 
to S. Thus Ext^ (R/a, M) e S iff Hom fl (R/a, G*(M)) € S. 

Proof. Let F(-) = Hom fl (R/a, -). Then for any i?-module X we have, FG(X) = F(X). Now, the 
assertion follows from [51 Proposition 3.1]. □ 

Lemma 2.2. Let a £ W(L, J) and X be an R-module. Then 

(0 : x a) = (0 : Va(x) a) = (0 :r a ,j(x) a) = (0 : r/lJ (X) a)- 
In particular, for any ideal b £ W(I,0), we have 

(i) (0 x x b) = (0 : Ti{x) b) = (0 :r i>A x) b) = (0 : Tliji x) b) = (0 : riW f>) . 

(ii) (0 : X b) = (0 : TbAX ) b) C (0 : rbA x) I) C (0 : rj)j(x) /) = (0 : x I). 
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Remark 2.3. Let (A, < ) be a (non-empty) directed partially ordered set. By an inverse family of 
ideals of R over A, we mean a family (b a ) a£A of ideals of R such that, whenever (a,/3) G A x A with 
a > (3, we have b a C bp. For the inverse family of ideals B — {b a ) a£A , we shall denote H B (M) := 
lim QeA Ex4 (R/b a ,M) (see 1.2.10, 1.2.11, and 2.1.10]). 

Proposition 2.4. Let B = (b a ) aeA be an inverse family of elements ofW(I, J) over A and t € No- Let 
Exk%~ j (R/b a , j(M)) = /or any b Q G B, n = t, t+ 1, and all j < t. Then H e (Af ) C B t I J (M) and 
H B (M) =0 for alii <t. 

Proof. By Proposition O and Lemma [2T21 for 5 = and G(-) = T ItJ (-), we have Ext* fl (i?/b Q ,Af) = 
Hom fl (i?/b Q , H^(A/)) for any b a € 6. Now, by [SJ Theorem 1.2.11 and Remarks 1.3.7], we get H B (M) ^ 
r B (H| >i7 (M)) C Hj j(M), as required. □ 

Corollary 2.5. Lei t G N Q be such that H^^M) = for all i < t. Then IT 6 (M) C W\ j(M) for any 
b G W(I, J) and all i < t and so iV b (M) — for all i < t. In particular, when J = 0. 

Proof. Apply Proposition [O] for B = {b"} n >i . □ 

The next theorem is one of the main results in this section which is used in some results of this 
paper. Recall that an i?-module M is said to be ZD-module, if for every submodule N of M, the set of 
zero-divisors of M/N is a union of finitely many prime ideals in Ass(M/JV).(See [TP] ) 

Theorem 2.6. Let t G No be such that IT} j(M) = for all i < t. Then the following statements hold 
for any a G W(I, J). 

(i) Ho mi? (i?/a,H* a (Af)) = Ext t R (R/a,M) 

£* Rom R (R/a,Rlj(M)) 
= Hom fl (ii/a ) Hj,j(M)) 

(ii) r a (H*(M)) S H* (M) - r (H* a)J (M)) S r a (H^(Af)) 

(iii) H* (M) C H^j(M) /or a// i < t. 

(iv) IT 0) j(M) C Hj j(M) /or a// i < t. 

(v) ff a (Af) C H} 7 (Af) /or a/Z i < i. 

(vi) H* 0)J (M) = H l a (M) = /or aZZ i < i. 

(vii) Ass(H* (M)) = Ass(H' 0)i/ (M)) n V(o) 

= Ass(H^ J (Af)) n V(a). 

(viii) If a ^ and M is ZD-module, then there exists a regular M -sequence of length t contained in a. 

Proof, (i) Let G x (-) = T a (-) , G 2 (-) = T a ,j(-), G 3 (-) = IV(-), and 5 = 0. Now, the assertion 
follows from Proposition 12.11 and Lemma 12.21 

(ii) Since a G TT(/, J) implies that a" G W(I, J) for any n G N, the result follows from (i). 

(iii) It is obvious by part (ii). 

(iv) Apply Corollary and P3 Theorem 3.2]. 

(v) It is obvious by parts (iii) , (iv). 

(vi) It is a consequence of parts (iv) , (v). 

(vii) It is obvious by part (i) and Exercise 1.2.27]. 

(viii) First note that H l a (M) = for all i < t, by (vi). By induction on t, we construct a regular 
Af-sequence X\,X2, • • ■ ,xt such that Xj G o for j = 1, 2, • • ■ , t. When < = 0, there is nothing to prove. Let 
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t = 1. Then T a (M) — 0. Since M is ZD-module and a-torsion free, by the prime Avoidance Theorem, a 
is not contained in Zd(Af). So, there exists an element x\ G a such that x\ Zd(Af). This proves the 
case t = 1. Now, let t > 1 and the assertion be true for t — 1. By the above observation, a contains an 
element x\ which is a non-zerodivisor on Af. Considering the exact sequence 

fP a (Af) -> W 3 a (M / x\M) -> lP a +1 (M), 

for all j G No, we obtain H J a (M/xiM) — for all j < t — 1. Now, by inductive hypothesis, there is a 
regular Af/a^Af-sequence x 2 , £3, • • • , x t such that Xj G a for all j = 2, 3, • • • , t. Therefore X\, x 2 , ■ ■ ■ ,x t 
is a regular Af-sequence. □ 

Corollary 2.7. Let t G No. 27ien H^. 7 (Af) = for alli<t if and only ifU l a (M) = for any a G J) 
and a/Z i < t. 

Proof. The assertion follows easily from Theorem 12.61 (vi) and [17l Theorem 3.2]. □ 

Corollary 2.8. Let M be a finite R-module and t G No be such that H} j(M) = /or all i < t. If 
Hj- j(Af) is /imie, i/ien a m H^(M) = /or any a G W(I, J) and some to G N . 

Proof. The assertion follows easily from Theorem 12.61 (v) and [51 Proposition 9.1.2]. □ 

Corollary 2.9. Let < € N be such that FT} j(M) = /or all i < t. Then for any a G W(I, J) and any 
b G W(1, 0), we have 

(i) Hom fl (i?//,H* 7 (M)) C Ex4 (R/I,M). 

(ii) r^H^CM)) CH*(M). 

(hi) Rom R (i?/b,H|(M)) = Ext* fl (f?/b, Af). 

(iv) Ext^j (i?/b, M) C Ext^j (f?/f m , Af) /or some m G N. In particular, when b ^ I the result holds 
for all meN, and so Ext* fl (f?/b, Af) C Hj(Af). 

(v) T b (R t I (M)) = H* fa (M) and so H* b (M) C Hj(M) and Ass( H* b (M)) C Ass(rT}(Af)) . 

(vi) Ass(H*(Af)) = Asb(H£(M)) n V(b). 

Proof, (i) By Theorem 12.61 (iv). (0 : H * (m) -0 C (0 -n* (M) !)• Now, again apply Theorem 12.61 (i) for 
a = I. 

(ii) Use part (i). 

(hi) Apply Lemma \2 .21 and Proposition 12 . 1 1 for G(— ) = ) and 5 = 0. 

(iv) Let to E N be such that I m C b. Then since (0 : H * (Af) &) £ (0 : H * (Af) f m ), the assertion 
follows from Theorem 12.61 (i) . 

(v) It is clear by (hi), since b" G W(1, 0) for all n G N. 

(vi) Apply part (v) and jTTl Proposition 1.10] for J = 0. □ 

As an application of the above results, we obtain vanishing and finiteness results for Hj j(Af ) in 
Corollary |2.12l To achieve the result, we need the following proposition which gets the same result as in 
[5J Lemma 3.1] for an arbitrary Serre subcategory S of the category of f?-modules. 

Proposition 2.10. Let a be an ideal of R. Then aAf G S if and only if M/(0 :m a) G S. 

Proof. Suppose that o := (ai,...,a n ). (=>) Dchnc / : M — » (aAf)™ by /(m) = (aim) ._ v Then since 
Af/(0 :m a) is isomorphic to a submodule of (aAf)" and (aAf)™ G S, the assertion follows. 
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(<=) Define g : M n — » aM by <?((mj)" =:L ) = 'YTi=\ a i' m i- Then aM is a homomorphic image of 
(M/(0 :m a)) n . Since (M/(0 :m a))" € 5, the assertion follows. □ 

Corollary 2.11. Let a € W(J, J). Let (eN fc swc/i i/iai Ext^(i?/a, A/) and Ext^- 7 (i?/a, H{ 7 (M)) 
belong to S for n = t, t + l, and all j < t. Then H 7 j(M) £ S if and only if aH 7 j(M) € S . In particular 
for a = I. 

Proof. (=►) It is obvious. 

(<=) The assertion follows from Proposition l2.10l [1, Theorem 2.9 (i)], and the short exact sequence 
-> (0 :h^(m) a) -► H* ;J (M) -> H* fJ (M)/(0 : H * j( m) a) -► 0. 

□ 

Corollary 2.12. Let a G W(I,J). Let teN be such that Ext^(i?/a,M) and Ext^~ j (i?/a, IT} , 7 (M)) 
are finite for n — t, t + l, and all j < t. Then 

(i) Hj j{M) is finite if and only if aHj j(M) is finite. 

(ii) Hj j(M) = i/ and onZy £/ aH|j(M) = 0. 

Proof. Apply Corollary 12.111 for the classes of finite and Zero R- modules. □ 

In local case, it is shown that the local cohomology with respect to the maximal ideal of R is concerned 
with the local cohomology with respect to an ideal generated by any filter regular sequence. (See [13l 
Lemma 3.4]). In Theorem 12.131 as a final result of this section, we obtain this in a noetherian (not 
necessary local) ring for a fc-regular M-sequence (k > —1). 
For a subset T of Spec(i?) and an integer i > — 1, we set 

(T)>i :={peT\ dim(i?/p) > *}, 

(T)<i := {p E T | dim(i?/p) < »}. 

Recall that, for an integer k > — 1, a sequence ai, . . . ,a n of elements of R is called a poor k-regular 
M-sequence whenever a, ^ p for all 

i— l 

pe (Ass(Af/^a,M)) >fc 

3=1 

and all z = 1, ...,n. Moreover, if dim( M / yi^—i cgM) > k, then a\,...,a n is called a k-regular Re- 
sequence. It easy to see that, any poor k-regular M-sequence is a poor (k + l)-regular M-sequence and 
for an ideal I of R if ( Supp(M/IM)) >fc+1 ^ 0, then any k-regular M-sequence in 7 is a (fc + l)-regular 
M-sequence in I. ( To verify for various k, see [6], [11], [16], [4], [14], and [7]). 

Theorem 2.13. Let ai, a^, ■ ■ ■ , a n be a k-regular M-sequence in I and set a := (ai,...,a„). ij 
((Supp(M) n W(a, J)) \ W(I,J)) <k = 0, t/ien Hjj(M) = H* 0)J (M) /or aH i < n. In particular 
for .1 = 0. 

Proof. Let 
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be a minimal injective resolution for M. For all i € No we have 

E l = fa(p,M)E(R/p) 

pGSupp(M) 

in which /Zi(p,Af) is the i — th Bass number of M at the prime ideal p of R. Let i < n and p € 
(Supp(M) n W(o, J)) >k - By [BJ Theorem 2.3 (ii)], since ax/1, ■ ■ ■ , a„/l is a regular M p -sequence, we have 

(1) fH (p,M) = 0. 
Now, by [17, Proposition 1.11], we have 

(2) TiAE 1 ) = IM (p,M)E(R/p). 

peSup P (A/)nW(7,J) 

for all i < n. Similarly, for the ideal a, we get 

(3) T a AE l ) = m(p,M)E(R/p), 

peSupp(Af)nW(a,J) 

for all i < n. On the other hand by [17, Proposition 1.6], W(7, J) C W(o, J). So that by (1), (2), (3) 
and our assumption, we get 

T L j{E % ) = T aJ {E l ), 

for all i < n. It therefore follows that 

H l 7iJ (M) = Kj(M), 

for all i < n, as required. □ 

3. Depth of (/, J) on modules 

In this section, we introduce the concept of depth of a pair of ideals (I, J) on a module M. By [51 
Theorem 6.2.7], for an ideal a of R and a finite i?-module M with oM ^ M, the depth(a, Af) is the least 
integer i such that (M) 7^ 0. Having this in mind, we give the following definition. 

Definition 3.1. Let I , J be two ideals of i? and let M be an i?- module. We define the depth of (I, J) 
on M by 

depth(J, J, M) = inf {depth(a, M) \ G 1^(7, J)}, 
if this infimum exists, and 00 otherwise. 

Remark 3.2. If M is a finite i?-module such that aM = M for any a € 1^(1, J), then by [5J Exercise 
6.2.6] and [HI Theorem 3.2], we get Hj j-(M) = 0, for all i e N . But if there exists o € 1^(1, J) such 
that aM ^ M, then depth(J, J, Af) < 00. Also, it is clear by definition that if J — 0, then depth(J, J, M) 
coincides with depth(J, M). 

Proposition 3.3. For a finite R-module M , we have the following equalities. 

depth(7, J, M) = inf {i G N | H} J (M) ^ 0} . 

= inf {depth(p, M) I p e W(J, J)} . 
= inf {dcpth(Afp) I p € W(I, J)}. 
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Proof. Let s := depth(7, J,M) and i := inf {i e N | H\j(M) ^ 0}. Thus there exists b € W(7, J) such 
that s = depth(b,M). Since V(b) C W(J, J), so by 9, Proposition 1.2.10] and [T7j Theorem 4.1], we 
have 

s = depth(b, M) = inf {depth(M p ) | p e V(b)} 

> inf {dcpth(Afp) | p € W(I, J)} = 
If t < s, then H*(M) = for all a € W(J, J). Thus, by [13 Theorem 3.2], we get R] j(M) = 0, which is 
a contradiction. Thus t — s. For the second equality, since depth(o, M) — inf |depth(p, M) \ p 6 V(a)}, 
the equality follows from definition. Finally, the third equality follows from jTTJ Theorem 4.1]. □ 

Comparing the concept of depth of a pair of ideals with the ordinary depth of an ideal, we have the 
following result. 

Corollary 3.4. For a finite R-module M and all o £ W(I, J), we have 

depth(7, J, M) < depth(o, J, M) < depth(a, M), 

in particular for a = I . 

Proof. Apply Proposition 13.31 and Theorem 12.61 (iv) and (iii) . □ 

There is an example which shows that this new invariant is different from the ordinary depth (see 
Example |4~3]). 

In next two propositions, we prove formulas and inequalities for this invariant. Also, we examine how it 
behaves under various ideal theoretic operations and short exact sequences. 

Proposition 3.5. Let I, J, b, c be ideals of R and M be a finite R-module. 

(i) If J n C b m for some n, m G N, then depth(7, b, M) < depth(7, J, M). 

(ii) If J n D c m for some n, m e N, then dcpth(7, J, M) = depth(7 + c, J, M). 

(iii) IfVl = Vb, then depth(J, J, M) = depth(b, J, M). 

(iv) // a/J = Vc, then depth(7, J, M) = depth(7, c, M). 

(v) depth(7, J, M) = depth(VT, J, M) = depth(/, V7, M) = depth(VT, V7, M). 

(vi) depth(7, Jb, M) = depth(J, Jn b, M). 

Proof. All these statements follow easily from Proposition 13.31 and jTTJ Proposition 1.4, 1.6]. As an 
illustration, we just prove statement (i). Since J™ C b m , we have W(I, J) C W(7, b), by jTTJ Proposition 
1.6]. Now, by Proposition 13.31 we get 

depth(7, b, M) = inf {depth(p, M) \ p £ W(I, b)} 

< inf {dcpth(q, M) | p G W(J, J)} = depth(7, J, M). 

□ 

Proposition 3.6. Let — > U — > M — > N — > be an exact sequence of finite R-modules. Let r := 
depth(7, J,U) , t := depth(7, J, M) and s := depth(7, J, N). Then 

(i) t > min{r, s}. 

(ii) r > min{t, s + 1}. 

(iii) s > min{r — 1, t}. 

(iv) One of the following equalities holds : 
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t = r , t = s , t = r = s , s = r — 1. 
Proof. For (i),(ii),(iii) apply Corollary 13.41 and Proposition 1.2.9]. 

To prove (iv), suppose that none of the equalities holds. Then only one of the following cases happens: 

(a) r < s < t (b) s < r < t (c) t < r < s 

(d) t < s < r (e) s <t < r (f) r < t < s. 

Let r < s < t. Then s + 1 < t and by (ii), s + 1 < r < s, which is a contradiction. 

If s < r < t, then s < r — 1 < t. Thus by (iii), r — 1 < s. Therefore s = r — 1, which is a contradiction. 
The same method can be applied to the other cases. □ 

Next, we give some conditions, for which the depth of a pair of ideals equals to the ordinary depth. 



Theorem 3.7. Let M be a finite R-module. Let t :— 
aM ^ M , the following statements are equivalent. 

(i) Hom fi (R/a, H<(M)) ^ 0. 

(ii) Hom ii (i?/o,H* )J (M)) ^0. 

(iii) Ext* H (R/a, M) ^ 

(iv) Kom R (R/a,Kl j(M)) ^0 

(v) depth(a,M) = t. 



depth(I, J, M). Then for any a € W(L, J) with 



Proof. All the equivalence of parts (i)-(iv) are consequences of Theorem 12.61 (i). 

To prove (iii)<J=>(v) Apply Proposition ^. 3[ Theorem 12.61 and [9J Proposition 1.2.10 (e)] □ 

Theorem 3.8. Let M be a finite R-module and t := depth(I, J, M). Then for any ideal b £ W(L,0) 
such that bM ^ M , the following statements are equivalent. 

(i) Hom fl (-R/b,H*(M)) ^ 0. 

(ii) Ext^. (R/b,M) ^ 

(iii) depth(b, M) = t. 

Proof. Apply Corollary OH and Theorems GT7] and (vi) . □ 

Theorem 3.9. Let M be a finite R-module such that IM ^ M. Let t :— depth(I, J, M). Then the 
following statements are fulfilled. 

(i) Hj(Af) ^ if and only if t = depth(7, M). 

(ii) IfU^M) ^ 0, then depth(I, M) < depth(a, M) for all a € W(I, J). 

(iii) depth(p, M) = t for all p e Ass (H^j(M)) . 

(iv) depth(p, M) < depth(a, M) for all p E Ass ( \\\ j(M)) and all a € W(I, J). 

(v) Hom fl (R/I, Hj 7 (M)) = Ext* R M) 

^Hom R (J?/7,H*(M)) 
= Hom fi M/(si,X2, • • • , Kt)Af), 

where x\, X2, ■ • • ,Xt is a poor regular M -sequence in I . 

Proof, (i) The assertion follows from Theorem 12.61 (vi) and [SJ Theorem 6.2.7]. 

(ii) This is an immediate consequence of part (i) and Corollarv l3.4l 

(iii) Apply Corollary 13.31 and |18[ Theorem 3.6]. 

(iv) Apply part (iii) and Corollary 13.41 
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(v) Apply Proposition [276] (i) and [9j Lemma 1.2.4]. □ 

4. (I, J)-Cohen-Macaulay modules 

As a generalization of the concept of Cohen-Macaulay modules, we introduce the concept of (I, J)- 
Cohcn Macaulay modules by using the concept of depth of a pair of ideals. The following lemma and 
proposition have a main role in some results on this section. 

Lemma 4.1. Let R be an integral domain and a be an ideal of R. Let M be a faithful finite R-module 
of finite Krull dimension d. Then dimAf/aAf = d if and only if a = 0. 

Proof. The assertion is obvious, since (0) G Supp(Af) and if a ^ 0, then (0) Supp(Af/aAf). □ 

Proposition 4.2. Let (R,m) be a local integral domain, L + J is anm-primary ideal, and M be a faithful 
finite R-module of Krull dimension d. Then the following statements are equivalent: 

(i) dim Mj JM = d; 
(h) J = 0; 
(hi) Elj(M) ± 0. 
Ln particular for M = R. 

Proof. Apply Lemma |4~T1 and [T71 Theorem 4.5]. □ 

Corollary 4.3. Let (i?,m) be a local integral domain of dimension n and J be a non-zero proper ideal 
of R. Then H™ j(N) = 0, for any R-module N , in particular when R is a regular local ring and N = R. 

Proof. Since J ^ 0, then dimi?/J < n, by Lemma [4.11 Now, the assertion follows from [17l Corollary 
4.4]. □ 

Example 4.4. By [8l Corollary 6.2.9], if (R,m) is a regular local ring of dimension n, then n is the 
unique integer i for which H™ (i?) =/= 0. This result may not be true for local cohomology modules with 
respect to a pair of ideals. To see this, let k be a field and R := k[[x, y]]. Let m := (x, y)R and J := (x)R. 
Then R is a regular local ring with dim R = 2 > dimR/J = 1. So that j(R) = 0, by Corollary 
14.31 Moreover r m j(i?) = 0. So, by Theorem l2.6l (vi) and Grothendieck-s non-vanishing Theorem, we get 
H m,j(-R) ^ 0. Therefore, by Proposition EH depth(m, J, R) = 1 = dimi?/J < dimi? = depth R. This 
motivates us to give the following definition. 

Definition 4.5. Let R be a noetherian ring and L , J be two ideals of R. An i?-module M is called an 
(I, J)-Cohen-Macaulay fl-module if M ^ and depth(7, J, Af) = dim M/JM or if M = 0. If R itself is 
an (/, J)-Cohen-Macaulay module we say that R is an (/, J)-Cohen-Macaulay ring. 

By definition, it is obvious that if Af is an (I, J)-Cohcn Macaulay module, then J is a proper ideal. 
Also, if (R, m) is local, I = m, and J = 0, then the concept of (I, J)-Cohen-Macaulay finite f?-modules 
coincides with Cohen Macaulay R- modules. 

Remark 4.6. By Corollary 13.41 and jTTj Theorem 4.3], if (f?,m) is a local ring, then any (7, J)-Cohen- 
Macaulay finite f?-module M is (m, J)-Cohen-Macaulay f?-module. Moreover, by [17l Proposition 1.4 
(6), (7)], if L + J is m-primary, then A/ is (/, J)-Cohen-Macaulay if and only if Af is (m, J)-Cohen 
Macaulay. 
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Proposition 4.7. Let M be a finite R-module. If M is (I, J) -Cohen-Macaulay, then M is (a, J)-Cohen- 
Macaulay for any a £ W(I, J). 



Proof. The assertion follows easily from Corollary 13.41 □ 

In next two propositions, we show that the two concepts of (/, J)-Cohen-Macaulay and Cohen- 
Macaulay modules are not the same. 



Proposition 4.8. Let (i?,m) be a local integral domain and J ^ 0. Let M be a faithful finite R-module 
and let t = depth(7, J, M) be such that HoniR (R/m, Hj j{M)) ^ 0. If M is (I , J) -Cohen-Macaulay, 
then M is not Cohen-Macaulay. 



Proof. By Remark [4. 61 M is (m, J)-Cohen-Macaulay. Now, the assertion follows from definition, Theorem 
13.71 for o = m, and Lemma |4~T1 □ 

Proposition 4.9. Let (R,m) be a local integral domain and J ^ 0. Let M be a faithful finite R-module 
and let t — depth(m, J, M) be such that Hf n (M) ^ 0. If M is (m, J) -Cohen-Macaulay, then M is not 
Cohen-Macaulay. In particular for M = R. 

Proof. Apply Theorem 13.91 and Lemma 14.11 □ 

Proposition 4.10. Let (i?, m) be a local ring and I, J be proper ideals of R. Let M ^ be a finite 
(I, J) -Cohen-Macaulay R-module. If t — grade(/, J,M) > 1, then IT} j(M) is not finite. 

Proof. Since M is (/, J)-Cohen-Macaulay, so dim M/JM = t. Now, the assertion follows from [T] 
Corollary 4.12 (ii)]. □ 

Remark and Examples 4.11. It is considerable that that if Hom^ (R/m, IT} j(M)) = in Proposition 
14. 8( and H* n (M) = in Proposition 14. 9[ then the assertions do not necessarily hold. For example, let k 
be a field and R := k[[x, y]], m := (x, y)R, and J :— (x)R. 

(i) R is a Cohen-Macaulay ring and as we saw in Example 14.41 depth(m, J, R) = 1. So that R is 
(m, J)-Cohen-Macaulay ring. 

(ii) By Proposition 14. 101 and Example 14.41 j(R) is not finite. 

(hi) If / :— (x 2 )R, then Ti y j(R) — R and so R is not (I, J)-Cohen-Macaulay. 

The next result can be a generalization of Corollary 6.2.8] which gives a bound for non-vanishing 
of local cohomology modules in local case. 

Proposition 4.12. Let M be a non-zero finite module over the local ring (R,m) and J =/= R. Then any 
integer i for which W m j(M) =^ must satisfy 

depth(m, J, M) < i < dim M/JM, 

while for i at either extremity of this range we do have H l m j(M) 7^ 0. 

Proof. Apply Corollary 13.31 and [171 Theorem 4.5]. □ 

An immediate consequence of Proposition 14.121 is the following result. 

Corollary 4.13. Let (R, m) be a local ring and M 7^ be a finite R-module. Suppose that I + J 
is an m-primary ideal. Then there is exactly one integer i for which H} j(M) / i/ and only if 
depth(/, J,M) = dim M/JM, that is, if and only if M is an (I, J) -Cohen-Macaulay R-module. 
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Proposition 4.14. Let M be a finite {I , J) -torsion R-module. If M is (I, J) -Cohcn-Macaulay, then 
M I JM is artinian. 

Proof. It is enough to show that depth(7, J, M) = 0. Since T It j(M) = M, so H^j(Af) = 0, for all i > 1, 
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